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ABSTRACT: In this paper, we construct a lattice formulation for two-dimensional N' = (2, 2)
supersymmetric gauge theory with matter fields in the fundamental representation. We
first construct it by the orbifolding procedure from Yang-Mills matrix theory with eight
supercharges. We show that we can obtain the same lattice formulation by extending the
geometrical discretization scheme. This suggests that the equivalence between the two
schemes holds even for theories with matter fields.
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1. Introduction

Supersymmetric gauge theory is one of the most exciting topics in high energy physics from
various points of view. Among many attempts to understand the nature of supersymmet-
ric gauge theory, there have recently been many important developments towards putting
exactly preserved supersymmetries on a space-time lattice. In [[[]-[f], several lattice formu-
lations have been constructed by the so-called orbifolding procedure from Yang-Mills matrix
theories.! In [-[1g], Catterall formulated several lattice theories using a general prescrip-
tion, the so-called geometrical discretization. In [[J]-[[[d], Sugino discretized topologically
twisted gauge theories while keeping the BRST symmetry on a lattice. One characteristic
feature of Sugino’s lattice formulations is that link variables are expressed by unitary ma-
trices like conventional lattice gauge theories, which is a desirable condition for numerical
simulations [[q-[9. In [2Q]-[RJ], the authors constructed lattice theories based on a de-
formed supersymmetry algebra on a lattice.? See [BY for a different approach to lattice su-
persymmetry in terms of a deformed type IIB matrix model without orbifolding. For other
approaches to examine supersymmetric gauge theories on a lattice, see [@]f For numer-
ical approach to supersymmetric theories without using lattice formulations, see [B9, f(].3

One of the most important recent results in supersymmetric lattice gauge theory is
that the above seemingly different lattice formulations which preserve supersymmetry on a
lattice are related to each other. Indeed, the geometrical discretization scheme was found
to be equivalent with the orbifolding procedure [, [[3, ff]. We can directly derive the
prescription of the geometrical discretization scheme by combining a dimensional reduction
and the orbifolding procedure. This means that the geometrical discretization gives an

IFor further analysis, see, e.g., refs. [H]*[E]

2For a discussion on consistency in the deformation of supersymmetry on a lattice, see [gfﬁ, @] See
also @] for a further discussion on the consistency connecting with large-N limit.

3See also @]7[@] for numerical study of black hole thermodynamics and gauge/gravity duality.



effective shortcut to the orbifolding procedure. Practically, this equivalence makes it easy
to identify the naive continuum limit of a lattice theory since, using this equivalence,
we can directly construct the lattice formulation from the continuum theory. In [[7],
Sugino’s lattice formulation was shown to be derived from Catterall’s complexified lattice
theory [[LQ] by restricting the degrees of freedom of the complexified fields while preserving
the supercharge. Furthermore, in [[i], the formulations provided by the link approach were
also shown to be the same with those of orbifolding.

The purpose of this paper is to construct a lattice theory for two-dimensional N = (2, 2)
supersymmetric gauge theory with matter fields in the fundamental representation using
both the schemes of the orbifolding procedure and the geometrical discretization. In [f9],
the authors constructed a lattice theory for two-dimensional NV = (2,2) supersymmetric
gauge theory with matter fields in the adjoint representation and suggested that matter
fields in the fundamental representation can be introduced by considering an additional Zs
transformation in the orbifolding procedure. In this paper, we explicitly realize this idea
to construct a lattice theory for two-dimensional N' = (2,2) supersymmetric gauge theory
coupled with matter fields in the fundamental representation from a mother theory with

eight supercharges.*

We derive the same lattice formulation from the continuum theory
by slightly extending the geometrical discretization scheme so that we can apply it to a
theory with matter fields.

The organization of this paper is as follows. In the next section, we construct a lattice
formulation for two-dimensional N = (2,2) supersymmetric gauge theory with hypermul-
tiplets in the fundamental representation using the orbifolding procedure. In section 3,
we extend the prescription of the geometrical discretization scheme and derive the same
lattice action that is constructed in section 2. Section 4 is devoted to the conclusion and

some discussions.

2. Construction of lattice theory via orbifolding procedure

In this section, we construct a lattice theory of two-dimensional N' = (2,2) supersymmet-
ric gauge theory coupled with hypermultiplets in the fundamental representation using the
orbifolding procedure. We start with a matrix theory (mother theory) with eight super-
charges used in [J:

1 1
S =Tr <Z|[Za, Zb]|2 + g[zaa Za]2 + nlza; vl

+ %éab ([Zay T/Jb] - [Zby T/Ja]) + %Xabc[zaa 5bc]> ) (2'1)

where a,b,c = 1,2,3, z, and z, are bosonic complex matrices and 7, ¥4, £ and Yape are
fermionic complex matrices, which are assumed to be antisymmetric under the permutation
of the indices. We also assume that all the matrices are of the size (N, + Ny)N2. This
action is invariant under a global symmetry SO(6) x SU(2) and a gauge symmetry U((N.+

4For an alternative application of this idea, see [E]



21 2z 2z D m 3 &1 S22 xi3 1 e 3

a1 0 0 0 1/2 12 -1/2 -1)2 1/2 1/2 -1/2 -1/2
|0 1 0 0 1/2 -1/2 1/2 -1/2 1/2 -1/2 1/2 -1/2
|0 0 1 0 1/2 -1/2 -1/2 1/2 1/2 -1/2 -1/2 1/2
w0 0 0 0 1/2 1/2 1/2 1/2 -1/2 -1/2 -1/2 -1/2

Table 1: U(1) charges of the fields in the mother theory.
Zm Zm @ O D n Yy 12 ] U 3P
(ri,72) |em —€, @ —q 0 O e, —-e —e q —e,—q e +e+q

s 0 0 1 1 0 O 0 0 1 1 1

Table 2: U(1) charges and ”parity” that we use to construct a lattice theory. e; and es are linearly
independent integer valued two-vectors and q is a linear combination of e; and bfes. The U(1)
charges of 7 is tuned to be zero so that the lattice theory preserves one supercharge.

N¢)N?). This is obvious from the fact that (B1) is obtained by dimensionally reducing
the action of six-dimensional N' = 1 supersymmetric Yang-Mills theory followed by an
appropriate field redefinition [[] (see also [}]). For the purpose of later discussion we rewrite

{23, 23,%3,Em3, X123+ @8 {0, &, 7, Vm,E12}. Then the action (B.1)) can be rewritten as

1 1 1
S =Tr <Z |[2m 2n] | + S [2m, Zm]® — gD2

1 5 1 2 1 7
+ 7 |lzm: G + 5 [[zm, 01| — 7 DI, 9]

0y Y] + =Emm (2 W] — [0y Yia])

2
+ e, ] + 5 (1Zms F] — [2n, )
#3611 = Dl U] + a6 ) (2:2)

where m,n = 1,2 and we have introduced an auxiliary field D. In the orbifolding pro-
cedure, the maximal U(1) symmetry, U(1)* in this case, plays an important role. In the
expression (P.1) or (B-2), the U(1) symmetry is manifest and the charge assignment is
given in table f[. In order to construct a two-dimensional lattice theory with at least one
preserved supercharge, we define two different charges (r1,72) as two different linear com-
binations of ¢; with requiring r; = ro = 0 for  [§]. In addition to this U(1)? symmetry,
we further consider a Zy symmetry [[I9] that transforms the fields as ® — e™® (s = 0, 1)
corresponding to “parity” associated with the fields. We define s as

s=q3—q+1 (mod 2). (2.3)

As a result, the U(1) charges and the parity are summarized as in table [}, where e; and
ey are two linearly independent integer valued two-vectors and q is a linear combination



of e; and es. As shown in [f], the lattice structure is determined not by the detail of the
assignment of the U(1) charges but the linear relation between e, and q. Therefore we
assume e,, = M; a unit vector in the positive m’th direction in the following.

Using the U(1) charges and the parity given above, we carry out the following two
kinds of orbifold projections. We first define two Z]2V transformations generated by

Yt ® — W0, (i =1,2) (2.4)
where w = >™/N r; are U(1) charges of a matrix ® and ; are defined by

Q= (1NC®UN®1N) S (1Nf ®UN®1N>7

92:<1Nc®1N®UN)@<1Nf®1N®UN>7 (2'5)
using the clock matrix, Uy = diag(w, w?, ... ,wh ). In addition, we define a Zs transforma-
tion generated by

. 1 0
p:d —eTpep,  p=| NN : (2.6)
0 —1NfN2

where €™ is the parity associated with the matrix ®.

The orbifold projection is defined by projecting out such elements of each matrix
that are not invariant under the transformations (R.4) and (B.§). To explain how these
projections work, we express a general matrix ® by four blocks of the size N.N? x N.N?2,
N.N? x NyN?, NyN% x N.N? and NyN? x NyN? as

D1y P9
o = . 2.7
<<I)21 <I>22) 27)
Suppose the U(1) charges of ® is r = (r1,r2). Then, after the projection associated
with (2.4), each block is expressed as

Oij= > 0ij(k) ® Bpsrs (1,5 =1,2) (2.8)
kezZ%,
where Ex | = Ej, 1, ® Eg, 1, With (Eg),,,,, = OkmOin and ®;;(k) is a matrix with the size N, x
N¢, Ne x N¢, Ny x N, and Ny x Ny corresponding to (4,7) = (1,1),(1,2),(2,1) and (2,2),
respectively. Furthermore, if ® is parity even(odd), the blocks @19 and ®9; (P17 and Po9)
are projected out by (B-4). As a result, after the projections (B.4) and (P.§), ® with s =0
can be written as

P(s=0) _ >k P11(k) @ B krr 0 (2.9)
0 Yk Pao(k) ® By yr

and ® with s = 1 can be written as

_ 0 >k P12(k) ® Exerr
Hls=1 — k ’ ) 2.10
<Zk P21 (k) ® Ei jeyr 0 (2.10)



We introduce a notation to express (2.9) and (R.10) as

(I)(SZO) = Z (@11(k) &® Ek,k+r + (I)gg(k) X EN+k,N+k+r) , (2.11)
k
and
cI)(szl) = Z (@12(1{) X Ek,N—l—k—l—r + (I)Ql(k) & EN+k,k+r) ) (2'12)
k

respectively. Then, from the assignment of the U(1) charges and the parity given above,
we see that the matrices {zy,, Zm, D, 1, ¥m,&12} can be written as

Zm = Z (Zm(k) X Ek,k—i—ﬁl + 2m(k) ® EN+k,N+k+Th) ’

keZ3,

Zm = Z (Zm(k) @ Expik + 2m(K) ® Enjkpn,N+k) »
kezZ?;

D= <2d(k) ® Brx + 2d(K) ® Exi N+k> ,
keZ3,

n= Z <)\(k) ® Bk + Ak) ® EN—I—k,N—l—k) ,

keZ3,

m = Z <)\m(k) ® Ek,k—i-m + S\m(k) ® EN+k,N+k+m) ,
keZ3,

Enn= Y <>\mn(k) ® Btk + Amn (k) ® EN+k+m+ﬁ,N+k> , (2.13)

keZ3,

and the others can be written as

¢ = Z (_\/51 (k) ® Ek,N+k+q + \/52(23(1{ + q) X EN—l—k,k-i—q) ,

n= Z (1/7(1{) ® Ex Nikiq + 0k +q) ® EN+k,k+q) ,
keZ?;

Um = Z <¢m(k + 1+ q) ® Biptq N1k + P (k) ® EN+k+rh+q,k) ,
keZ%,

En= Y @mn(k) ® B Ntketrititq T Pmn(K+ 7+ 7 +q) @ EN+k,k+m+ﬁ+q> - (2.14)
keZ%,

The action of the orbifold lattice theory is obtained by substituting (2.13) and (R.14) into
the action of the mother theory (R.3) and expand it around a classical configuration,

(k) = 5 (k) = %1%, 5 (k) = Fn () = §1Nf. (2.15)

Note that the obtained theory preserves only one supercharge for any value of q. It is
obvious from the fact that only one of the eight supersymmetry parameters in the mother



N-lattice Zn(K) Zn(k) d(K) AMK) An(K) Aa(K)

Yonririnrinrinrin R I
AL 77777 (k) 3(K) 0 (k) k) v, (k)
L 09 9 () (k) (k)
Ko

N.-lattice Zm(K) Zn(k) d(k) A(k) Ap(k) Aa(k)

Figure 1: The lattice space-time obtained by the two kinds of orbifold projections correspond-
ing to (2.4) and (£.4). The lattice variables {2 (k), Zn(k), d(k), A(K), Am(k), A12(k)} live on the

Ne-lattice and {2, (k), 2 (k), d(k), A(k), A (k), Ai2(k)} live on the Nj-lattice. The matter fields

{67 (K), ¢'(K), ' (K), Pia(k), ¢, (k)} and {&(k), di(k), ¥ (k), §'1(k), Pf, ()} live on links con-

necting the two lattice space-times.

theory has the charge assignment r = 0 and s = 0. Since the supersymmetry parameters
are c-numbers, the other seven supersymmetry parameters are projected out by the orbifold
projections [i§]. The preserved supersymmetry transformation on the lattice is obtained
by substituting (2.19) and (R.14) into the supersymmetry transformation of the matrices
in the mother theory,

Qzm = Vm, QzZm =0, QD = [wmygm]y
Qn =1 (zm 7] = D), Qo =0, Qbmn = glzm, %] (216)
Qo= Qo=0.  Qn=0, Qb = 5[m: 8l Qe =0,

followed by the shift, z,, — 1/a+2z,, and z,,, — 1/a+Z,,. We can explicitly see the preserved
supersymmetry by rewriting the action of the mother theory (B.2) in a Q-exact form:

Sm=QTr {%77 ([Zmy Zm]+2[9, Q_S]“‘D) _%gmn[«zma 2] _&m['zmv o] _%Emnan}y (2.17)

where we have introduced an auxiliary field F),,, whose supersymmetry transformation is
given by
Qan = [Em,l/}n] - [znﬂ/}m] - [gmny ¢] (218)

From the construction, the obtained theory is a supersymmetric lattice gauge the-
ory with a gauge group U(N.) x U(Ny) defined on two copies of two-dimensional lat-
tice space-times of size N? (figure [[). The lattice variables {z,(k), Zn(k), d(k), A(k),
Am(K), A2(k)} and {Zn(K), Zm(K), d(kK), A(K), Am(k), A2(k)} transform in the represen-
tation (adj, 1) and (1, adj) of U(NN.) x U(Ny), respectively, and live on different lattice



space-times. In the following, we call these two lattice space- -times the N.-lattice and
the Ny-lattice, respectively. On the other hand, {¢'(k), QS’( ), W( ), ¥is(k), ¥ (k)} and
{1(k), ¥ (K), ¥i(k), ¥io(K), ¥ (k)} transform in the representation (D,E) and (O,0)
of U(N.) x U(NNy), respectively, and live on links connecting the two lattice space-times.
Although this lattice action for this quiver gauge theory is not our main purpose, it is an
important result. We write down the action in appendix A.

Finally, in order to construct a lattice theory with matter fields in the fundamental
representation of the gauge group U(N.), we make the fields living on the Ny-lattice non-
dynamical by hand:

Zm(K) = Zn(k) = d(k) = A(kK) = An(k) = Aja(k) = 0. (2.19)
The restricted theory is still supersymmetric since this restriction does not conflict with the
supersymmetry (B.16). By this operation, the symmetry U(Ny) is no longer a gauge sym-

metry but a flavor symmetry and we obtain a lattice action with U(V.) gauge symmetry.
Finally we obtain the lattice action:

Slat = Sgaugo + Smattcr, (220)

Sgauge =TT N, Z <— |V:§12n(k) — Vi 2m(K) + 2 (K) 2 (k 4+ 12) — 2,(K) 2 (k + 1) ‘2

+ % (Vi (2m (k) + Zm(K)) 4 2 (K) 25 (K) — 2 (k — 170) 2 (k — m))2
AR D09+ () (DM )= DA ). (221

Suter =3 ( 5PAFIIDLS0) + 5D1 )DL (0

k
D53 (D56 () + 5 D6 (0D ()
(k) (1) = ' (10 d(k)' (1)
Dy (K + 10) + 0, (K) D ( + 1)
= 5 Uk + 10+ 7) [Df ), (k + 7)) — Dy, (k + 1)
= S [0+ 1) D () = G O + 2D 0, (1))
+ V2i( (M) () — &' (k)M ()
—¢

ASHIN N

+
+¢'(k
+1'(k

»—\1\3|>—\ <

Vi (A () A (K) 6 (k4 772) + B (k) A (K)5 (K + 110)
+@(w (K147) A (K) 6 () — & (K014 2) Ay () ~;‘,m(k))>,(2.22)



where i = 1,..., Ny is a flavor index, Dt and Dt are covariant difference defined as

Dy, Padj(k) = Vi, Pagj (k) + 2m (k) Pagj (k + 112) — Paqj(k) zm (k + 1),
Dy, @adj(k) = V5, Paqj(k) + Paqj(k + 172) 2 (k + 1) — Z5 (k) Pagj (k),
Dy, ®adj(k) = Dyf @agj(k — 1), Dy, Pagj(k) = Djf, Pagj(k — 1), (2.23)
for a lattice field in the adjoint representation living on a link (k,k + r),
D, 90(k) = V5, @0(k) + 2 (k) @k + ),
D,,®0(k) = V,,00(k) — 2, (k) (k),
D dp(k) = Dhdn(k — i), Dyén(k) = Dido(k — i), (2.24)

for a lattice field in the fundamental representation, and

D} e(k) = Vi 25(k) — eg(k)zm(k),
D @g(k) = V5 @g(k) + Dok + i) 2 (k),
D,,og(k) = D, o5k — ), D, P5(k) = D, o5k — ), (2.25)

for a lattice field in the anti-fundamental representation. Here, V;: are forward and back-
ward differences defined by

ViS00 = = (fl i) = [09), Vi f9 = (f) —flk—m).  (226)

The gauge part of the action (.21)) is nothing but the lattice action for two-dimensional
N = (2,2) supersymmetric Yang-Mills theory given in [fl]. On the other hand, as we see
in the next section, the continuum limit of (R.29) is the action of hypermultiplets of two-
dimensional N = (2,2) supersymmetry. Using the language of four-dimensional N" = 1 su-

persymmetry, it is obtained by a dimensional reduction to two dimensions from the action,
Ster = / d'ed?0d%0 (B¢ o' + eV D), (2.27)

where ®¢ and &' are four-dimensional N* = 1 chiral superfields in the fundamental and
anti-fundamental representations, respectively. Therefore, the action (R.2() gives a super-
symmetric lattice formulation for two-dimensional ' = (2, 2) supersymmetric gauge theory
coupled with hypermultiplets in the fundamental representation. The correspondence be-
tween lattice variables and continuum fields becomes clear in the next section. Note that
the matter fermions in this lattice theory do not have doublers. In fact, the fermion deter-
minant is proportional to V; V7 which has zero only at the origin of the momentum space.

We close this section by making two comments. First, the matter fields in this lattice
theory live only on sites even if they have non-zero U(1) charges in general. Although
it seems peculiar at first sight, we can understand it by seeing that we have two lattice
space-times and matter fields live on links between the N -lattice and the Ny-lattice. Since
the Ny-lattice becomes invisible by the operation (R.19), the matter fields behave as site
variables on the N_-lattice.



Second, we can consistently truncate the matter fields with tilde from the action (2.29).
This corresponds to the configuration,

o= <\/§i¢_5(k +q)® EN+k,k+q) . 6= ) <—\/§i¢(k +9)® Ek+q,N+k> ;

keZ3, keZ3,
n= Z (V(k+q) ® Enjxktq) U EZ(wm(kerJrq) ® ExtimtqN+k) s
kezZ?, kezZ%,
Emn = Z (&mn(k +m+n+ q) ® EN—i—k,k-i-m—i-fH-Q) ’ (2'28)
keZ3,

instead of (£:14). In the language of four-dimensional N = 1 theory, this is a dimensionally
reduced theory of

L= / d*0d*00e?V @' (2.29)

3. Derivation via geometrical discretization

In this section, we derive the same lattice action (R-20) by extending the geometrical
discretization scheme constructed by Catterall.

In the geometrical discretization scheme, we construct a lattice theory from a con-
tinuum theory. Since it is known that the gauge part of the lattice action (R.21) can be
obtained by the geometrical discretization scheme [[J], we concentrate on the matter ac-
tion (R.24). In order to write down the continuum action, we start with the action of
four-dimensional Euclidean N = 1 theory (B.27), which is written down in component as

LB D, 5 () Dt (2) + Do (2) D () + F (2)d(2) ¢ (2) — F (2)d() 6 ()
—zé( 6D <>—z’£l< 0" D, € (2)
+iV2 (4 (@ (@) — €(x)Mx)¢' (2))

iV (w( A@)E (x) — é@'(x)w(x)), (3.1)

where p = 1,...,4, D, is a four-dimensional covariant derivative, {¢%(x), q?(x)} and
{¢(x), ¢'(x)} are complex scalar fields in the fundamental and anti-fundamental represen-

tations, respectively, A(z) and A() are two-component spinors in adjoint representation,
¢i(x) and ¢'(x) are two-component spinors in the fundamental representation, and &(z)
and £'(x) are two-component spinors in the anti-fundamental representation.’

We next dimensionally reduce (B.1) to two dimensions spanned by {z* 22}. Corre-
spondingly, we rename {vy, vy} and {vs,v1} as {A1, Ao} and {1, p2}, respectively, and

®The notation is based on [@]



write the component of the spinors as
_ (M=) Sap) - [ A12(@) i ()= [ V@)
Aa(l‘) - (}\2(3))) ) )‘ ( )_ (—A(l‘)) ) ga( ) ( 1)[)71(33) > ’

Ticy x) = 7;[_)_7'($) ci _ 32)5( ) Zidy 7) — QZ_Z($)
S (—%m)’ el = ( W‘)) s (—%m)' o

Then, after integrating out the auxiliary field, we obtain the following expression of two-

dimensional matter action:

Suter = [ (300 0)Pnti(0) + 3D
+ 3Dn (@)D (z) +
+ G @) (@) — 3 (@) (2
+ G @)Dl (2) + 0 (2) Dot ()
— 5 [P (2D} (2) = Bl (2Dt} ()]
L ) Do (&) — B (3 Dot ()]

+ V2 (W(iﬂ)k(w)&(:ﬂ)_— ¢ (@) M (@)Y’ (2))

+ V2 (=0 () A (2)0 () + 6 () A (1)1 (1))

RE e D)) = F P @Wnl) ). 3

"(2)Dm¢' (z)

@ I

L5
P
)d

where we have defined D,, = 0, + i A, + ¢ and Dy, = O + 1A — Om 2. For a later
discussion, we further rewrite (B.J) in a Q-exact form as

Smattor = /d2$Q < - Z\/EQEZ($)Dm¢m($) + 2¢§Z(l‘))‘($)¢z($) - %qzznn($)f;nn($)
= VB @)D (@) - 28NS @) - 5@ @), 30

where the transformation by the supercharge @) is defined by

QD) = An(®),  @D(2) =0, QU(x) = 5D (a)
QA2) = 1D, Dyl(a) — 3dla). Q@) =0, QApa(x) = 3[D D),
Q6'(x) Qi (@) = =), QF@) =0, Qd'x) = —=i (@),
Qv (a) Qi (a) =0 Qi () = =D (@)
QU (@) =0, Qi) =0, Qi () = =D (@)

— 10 —



Q (@) = =Dty (@) + Duthp, (@) + iV 2hn ()9 (2),
Qf (%) = =Dy}, (@) + Dyp, (&) +iv/26° (2) A (). (3-5)

The prescription of the geometrical discretization scheme given in [[[(] is summarized
as the following four rules:

1. An adjoint p-form field is mapped to a lattice variable on a p-cell. The gauge trans-
formation for a p-form field fy,...., (k) is given by fu, ..., (k) — g(k) fu-p, (K)g " (k+
fir + - fip) or fuyep, (k) = g(k+ i+ + ﬂp)fm---up(k)g_l(k) depending on the
direction of the p-cell.®

2. A curl-like covariant differential is mapped to a covariant forward difference.
3. A divergent-like covariant differential is mapped to a covariant backward difference.
4. An interaction term is written so that it forms a loop on a lattice.

Since this scheme is originally constructed for a theory that contains only adjoint fields,
we add the following rule for fields in the fundamental representation:

5. A field in the fundamental or anti-fundamental representation is mapped on a site.
The gauge transformation is ¥(k) — g(k)u (k) and ¥(k) — 9(k)g~!(k) for fields in
the fundamental and anti-fundamental representations, respectively.

Applying these rules to (B.3), we obtain the matter part of the lattice action (2.29). Com-
bining the result in [[[J], we conclude that the equivalence between the orbifolding proce-
dure and the geometrical discretization scheme still holds for a theory with matter fields in
the fundamental representation. In this scheme, the correspondence between lattice vari-
ables and continuum fields is manifest. Furthermore, we can obtain the supersymmetry
transformation of the lattice variables by applying the above rule to the supersymmetry
transformation (B.§), which coincides with the supersymmetry transformation obtained
from (R.I€) in the previous section. Since the continuum action is written in a @Q-exact
form as (B.4), the Q-symmetry is obviously preserved after the discretization. Thus we can
conclude that the continuum limit of the lattice theory given by (P.20) is two-dimensional
N = (2,2) supersymmetric gauge theory coupled with hypermultiplets.

4. Conclusion and discussion

In this paper, we have constructed a lattice formulation of two-dimensional N = (2,2)
supersymmetric U(N,) gauge theory coupled with hypermultiplets in the fundamental rep-
resentation. We have constructed the theory using the orbifolding procedure from the
mother theory with eight supercharges by combining two kinds of orbifold projections.
The obtained lattice theory preserves only one supercharge. We have also shown that the
same lattice action can be constructed by extending the geometrical discretization scheme.

5The direction of the p-cell is determined by the U(1) charge of the p-form. For detail, see @]
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This suggests that the equivalence between these two schemes to construct a supersym-
metric lattice theory holds even for a theory with matter fields.

In the construction of the model (P.20), we started with a mother theory with eight su-
percharges while the the obtained theory is a lattice theory for two-dimensional N' = (2,2)
supersymmetric gauge theory, which has four supercharges. This is the first example in
the orbifolding procedure where the number of supercharges of the mother theory and
that of the obtained (continuum) theory is different. In fact, all the lattice formulations
constructed so far are those for theories with the same number of supercharges with the
mother theory [[-f, i[9, §]. Although it is anticipated that the additional orbifold projec-
tion corresponding to the Z, transformation (R.6) would be the origin of this phenomenon,
the reason is still unclear. Moreover, at present, there is no principle to use this Z5 trans-
formation to obtain an N/ = (2,2) theory. Even if we start with the same mother theory,
we can construct several different lattice formulations with fields in the fundamental rep-
resentation by changing the definition of the Z5 transformation. It would be an interesting
future work to clarify a general principle to construct a lattice formulation with matter
fields that has a proper continuum limit.

Another interesting observation is that the construction we made in section 2 is quite
similar to a system of intersecting D-branes. In section 2, we first introduced two lattice
space-times and the matter fields come from the lattice variables living on links that connect
them. Roughly speaking, we can regards the two lattice space-times as two bunches of D-
branes and the link variables between them can be regarded as open strings between them.
An important distinction is that we froze the degrees of freedom on the Ny-lattice by hand
while it is automatic in intersecting D-branes. For example, in the case of a system of
N, Dl-branes and Ny D5-branes, the gauge coupling constant on the D5-branes becomes
effectively zero from the low energy effective theory point of view on the D1-branes since
D5-brane is infinitely heavier than D1-brane. The same thing might occur in the orbifold
construction if, for example, we could change the dimensionality of the two lattice space-
times. This would also be an important future work.
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A. Lattice formulation before the restriction (2.19)

In this appendix, we write down the lattice action explicitly that is obtained by substitut-
ing (2.13) and (R.14) followed by the shift, z,, — 1/a + 2, and 2, — 1/a + Z,. This is
a lattice formulation for a two-dimensional U(N.) x U(/Ny) quiver gauge theory coupled
with matter fields in the bi-fundamental representation. When we considered matter fields
in the fundamental representation, we regarded only the N.-lattice in figure fI] as a “real”
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lattice space-time. In the case of the quiver gauge theory, however, we have to consider
both of the N.-lattice and the N-lattice. Then we express a position in the N,-lattice by
an integer valued two-vector k while the same position in the Ny-lattice is expressed by
taking an underline as k. Correspondingly, it is convenient to change the notation of the
matter fields since we have respected only the N.-lattice in (B.14). Instead of (2.14), we
use a new notation:

> (—x/iz'&<k, k+q) ® Ex Nikrq + V2id(k, k+q) @ EN+k,k+q) :

kez%,
¢= Z (-\/iié(k +a,k) ® Bxiqnik + V2id(k + q. k) ® EN+k+q,k> ,
kez%
= > @(k, k+)® B Nikrg + ¥k k+q)® EN+k,k+q) ,
keZ%,
Ym = Z (1/1m(k + 10+ 4, k) ® Bicpntqnik + Um(k + 0+ g, k) ® EN+k+m+q,k> ,
keZ%,
&= Y (ol K+ +7+ ) © Biovtcrminta
keZ%,
+ UV (K, K+ + 7+ q) ® EN+k,k+m+ﬁ+q>- (A1)

The fields ¢(k, k + q), ¢(k-+q, ), ¢ (k+171+q, k), (k, k + q) and ¢, (k, k + 17 + 7 + q)
are in the representation (0, 0) of U(N.) x U(Ny). Correspondingly, the field ¢(k, k + q)
lives on the link (k, k + q) and similar for the other fields. Similarly, o(k, k+q), (5(@7 k),
Uk + 1+ q, k), ¥(k, k+q) and ¢y, (k, k+ 17+ 7t + q) are in the representation (O, 0).
The filed ¢(k,k + q) lives on the link (k,k + q) and so on.

For a general field ®(k, 1) in the representation ({J, ), we define covariant differences as

Drd(k,1) = VED(K, 1) + 20 (k) B (k + 171, 1+ 1) — Bk, 1)z (L),

D, ok, =V, ok, + zp(k —m)P(k,1) — &k — m,1 —m)z,(1—m),
D@k, 1) = V5, @(k,1) + @ (k + 12, 1+ 1) 2 (1) — ( ) (k. 1),

D, ®(k,1) = +®(k,1)2,,(1 — ) — Z,(k — )@ (k — 10,1 — ). (A.2)

Similarly, for a general field ®(k, 1) in the representation (CJ,[), we define

D} d(k,1) = Vi ®(k, 1) + 2 (k) (k + 12,1 + 102) — (K, 1)z, (1),

D d(k,1) =V, (k1) + 2k — ) D(k, 1) — D(k — 1io, 1 — )z (1 — 1),

Dok, 1) = V5 d(k, 1) + ®(k + 172, 1+ 17) 2 (k) — 2 (k) ®(K, 1),

D, ®(k,1) =V, &(k,1) + (k,1)2,,(k — ) — 2 (k — ) ®(k — 11,1 — 7). (A.3)

Using these notations, we can write down the action of the lattice theory as

S = Sboson + Sfermion’ (A4)
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with

1 = — ~ 1
shoson —Try §° <Z |Fon (K) |2 4+ D o(k, k + q)D;d(k + q, k) — gdz(k)
k

#5000 + 30k K+ )i+ 0. k) — ol k— )i —a.k)| dlk) )

AP L 1
# T, 3§ [P0+ DRSOk + @D+ a k) - 30
k

|50+ ol0s ka0t a, k)~ s k- )dk-a, ]| d0) . (A5)
Sfermiorl :TrNc Z <_)\(k)2§771)\m(k) -+ %)\mn(k) (/D;;)\n(k) — /D;l_)\m(k))
k

+ (k. k + @)Dyt (k + 11+ 9, K)

— Pl kb 4+ @) (Dl + 74 4,1~ Dfdn(k 17+ q, k)
— V2iA(K) ((k, k — ) (k — q,k) — D(k k + q)d(k + q,k))

+ V2 (k) (6 Ak + 110,k + 1 + Q) (k + 172 + q, k)

- wm(k + m7ﬂ)¢(u7 k))

_ @Amn(k)w(k, K — Q)tmn(k — q, k + 170 + 1)

—Jmn(k,k+m+ﬁ+q)$(k+m+ﬁ+q,k+m+ﬁ))>

# 10, 3 (AP A1) + A1) (D09~ D A1)
k
+ (k. k + q)D,, o (k + 11 + q, k)
Lt 41+ @) (Dt 4+ ) — Dt 7+ )

+ V2iA(K) (d(k, k — q)d(k — q,k) — Gk, k + q)d(k + q,k))
— V2iAm (k) (G(k + 170, k + 170 + Q)b (k + 172 + q, k)

—Zf)m(k‘i'm,k—Q) (k_/qv_))

—wmn<g,k+m+ﬁ+q>¢<k+m+ﬁmM))) (A.6)

where Frn(K), Frun(k), G(k) and G ((k)) are defined by
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°
N
Il

Y (Vi i) + 2 (k) + 20 (k) Zn () = Z (K = 170) 200 (k = 1))
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